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1. Introduction
We shall consider the following equation in [0, T ] ×Rdx :{
utt + a(t)12u+ p(t, ∂t , ∂x)u= 0,
u(0, x)= u0(x), ut (0, x)= u1(x),
(1)
where a(t) is a real valued function such that:
a(t) ∈ Ck+α[0, T ] and a(t)> 0 for t ∈ [0, T ](2) (
resp. a(t) ∈Cα[0, T ] and a(t)>∃ δa > 0 for t ∈ [0, T ]
)(3)
and p(t, ∂t , ∂x) is 0 or −b(t)1 or −c(t)1∂t .
There are many works of the equation (1) with a(t)≡ 1 which describes the motion of bending
of thin elastic plate and is called plate equations (see [6,7], etc.). In this case, the wellposedness
(global existence) can be considered in the usual Sobolev space. But in case a(t) is not constant
and sufficiently smooth, we must consider the equation (1) in the narrower space than Soblev
space, that is, in the Gevrey space.
When p(t, ∂t , ∂x) ≡ 0, by (2) (resp. (3)) we find that the characteristic roots of the non-
Kowalewskian equation (1) are not real valued and multiple (resp. distinct). However the equation
(1) under (2) (resp. (3)) can be treated as weakly (resp. strictly) hyperbolic equations of second
order. Indeed using the lemma introduced in [2] and applying theorems in [3] to our equation (1),
we can get the following (see [1,2] and [3]).
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THEOREM A. – Assume that p(t, ∂t , ∂x)≡ 0 and a(t) satisfies (2) (resp. (3)). Let T > 0 and
k + α > 2 (resp. 1> α > 1/2). Then the Cauchy problem (1) is γ s -wellposed, provided
16 s < 1
2
+ k + α
4
(4) (
resp. 16 s < 1
2(1− α)
)
.(5)
In this paper our aim is to investigate how the lower terms have influences on the Gevrey
wellposedness. According to the lower terms, the range of Gevrey exponent s becomes wider or
narrower than (4) and (5) in case of p(t, ∂t , ∂x)≡ 0.
When p(t, ∂t , ∂x) ≡ −b(t)1, if we impose a sort of Levi condition on b(t), with the same
method as [2] we can also get the following similar result as Theorem A (see [2]).
THEOREM B. – Assume that p(t, ∂t , ∂x) ≡ −b(t)1 and a(t) satisfies (2). Let T > 0,
0< λ6 1/2 and k + α > 2. If b(t) satisfies
T∫
0
∣∣b(t)∣∣a(s)−λ ds 6 ∃Mc(T ),(6)
the Cauchy problem (1) is γ s -wellposed, provided
(7)λ 16 s <min
{
1
2
+ k + α
4
,
1− λ
1− 2λ
}
.
Remark 1. – The Cauchy problem (1) under (3) is γ s -wellposed provided (5) without the
condition for b(t).
Though the conditon (6) admits the complex valued function b(t), if we restrict the real valued
function b(t), we can get the following with a quite different condition from (6).
THEOREM 1. – Assume that p(t, ∂t , ∂x)≡−b(t)1 and a(t) satisfies (2). Let T > 0, k+ α >
2 and l + β > 0 (resp. 1> β > 0). If b(t) satisfies
b(t) ∈ Cl+β [0, T ] and b(t)> 0 for t ∈ [0, T ](8) (
resp. b(t) ∈Cβ [0, T ] and b(t)> ∃δb > 0 for t ∈ [0, T ]
)(9)
the Cauchy problem (1) is γ s -wellposed, provided
16 s <min
{
1
2
+ k + α
4
,1+ l + β
2
}
(10) (
resp. 16 s <min
{
k + α
2
,
1
1− β
})
.(11)
Remark 2. – When a(t) ≡ 0, the equation (1) becomes weakly (resp. strictly) hyperbolic
equation. Then since k+α > 2 can be taken arbitraly large, the range (10) (resp. (11)) of Gevrey
exponent s becomes
16 s < 1+ l + β
2
(
resp. 16 s < 1
1− β
)
which coincides the result of [2] (resp. [1]).
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Remark 3. – Obviously (10) is narrower than (4). But we note that if β > 1 − 2
k+α , (11)
becomes
16 s < k + α
2
(12)
which is wider than (4).
We next put p(t, ∂t , ∂x) ≡ −c(t)1∂t which is called the strong damping. It is well-known
that the energies for plate equations or wave equations decay to zero more rapidly thanks to
the damping term (see [4,5], etc.). But generally it is difficult to get this kind of result for our
equation (1) since a(t) may degenerate. Instead of this kind of result the strong damping term
gives the benefit on the Gevrey wellposedness in our case. If we impose on c(t) the condition
whose form is very analogous to a sort of Levi condition (6) in Theorem B and which plays an
inverse role in comparison with a sort of Levi condition, we can get better result than (4), (5) and
also (12) as follows:
THEOREM 2. – Assume that p(t, ∂t , ∂x) ≡ −c(t)1∂t and a(t) satisfies (2) (resp. (3)). Let
T > 0, 06 λ6 1 (resp. λ= 0) and k + α > 1
λ+1 (resp. 1> α > 1/3). If c(t) satisfies
T∫
0
c(s)−1a(s)−λ ds 6 ∃Mc(T ) and c(t)> 0 for t ∈ [0, T ],(13)
the Cauchy problem (1) is γ s -wellposed, provided
(14)λ 16 s <
1
2
+ (λ+ 1)(k + α)
2(
resp. 16 s < 1
2(1− α) +
α
2(1− α)
)
.(15)
Example 1. – We can easily find c(t) satisfying (13). Supposing that 1
λ
> k + α (> 1
λ+1 ),
we see that when a(t) = tk+α ∈ Ck+α[0, T ], there exists 0 6 γ < 1 − (k + α)λ and c(t) = tγ
satisfies (13).
Moreover if we impose the additional condition on c(t), 0 6 λ 6 1 can be extended to
−1/2< λ6 1. Noting that the crucial part is −1/2< λ< 0, we also get the following.
THEOREM 3. – Assume thatp(t, ∂t , ∂x)≡−c(t)1∂t and a(t) satisfies (2). Let T > 0, −1/2<
λ< 0 and k + α > 1
λ+1 . If c(t) satisfies (13) and
T∫
0
c(s)−
1+2λ
1+λ ds 6 ∃M˜c(T ),(16)
the Cauchy problem (1) is γ s -wellposed, provided (14)λ.
Remark 4. – As λ tends to −1/2, (14)λ becomes narrower and tends to (4).
Example 2. – We can easily find c(t) satisfying both (13) and (16). Supposing that 12λ+1 >
k+ α (> 1
λ+1 ), we see that when a(t)= tk+α ∈ Ck+α[0, T ], there exists 16 γ < (k+ α)(1+ λ)
and c(t)= tγ satisfies both (13) and (16).
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Our theorems can be generalized for the following equation in [0, T ] ×Rdx :{
utt + a(t)(−1)mu+ p(t, ∂t , ∂x)u= 0,
u(0, x)= u0(x), ut (0, x)= u1(x).(17)
Then we get the followings:
COROLLARY 4. – Assume that p(t, ∂t , ∂x) ≡ b(t)(−1)n (1 6 n < m) and a(t) satisfies (2).
Let T > 0, k + α > 2(m− 1) (resp. k + α > 2(m− n)) and l + β > 0 (resp. 1> β > 0). If b(t)
satisfies (8) and (9), the Cauchy problem (17) is γ s -wellposed, provided
16 s <min
{
1
m
+ k + α
2m
,
1
n
+ l + β
2n
}
(18) (
resp. 16 s <min
{
k + α
2(m− n) ,
1
n(1− β)
})
.(19)
COROLLARY 5. – Assume that p(t, ∂t , ∂x)≡ c(t)(−1)n∂t (16 n < m) and a(t) satisfies (2)
(resp. (3)). Let T > 0, 06 λ6 1 (resp. λ= 0) and k+ α > 2(m−n)−1
λ+1 (resp. 1> α > 2(m−n)−12(m−n)+1 ).
If c(t) satisfies (13), the Cauchy problem (17) is γ s -wellposed, provided
(20)λ 16 s <
1
2(m− n) +
(λ+ 1)(k + α)
2(m− n)(
resp. 16 s < 1
2(m− n)(1− α) +
α
2(m− n)(1− α)
)
.(21)
COROLLARY 6. – Assume that p(t, ∂t , ∂x)≡ c(t)(−1)n∂t (16 n <m) and a(t) satisfies (2).
Let T > 0, −1/2< λ< 0 and k + α > 2(m−n)−1
λ+1 . If c(t) satisfies (13) and
T∫
0
c(s)
−m−2n+(2m−3n)(k+α)+λ(3m−4n)(k+α)
m−2n+(1+λ)(2m−3n)(k+α) ds 6 ∃M˜c(T ) and c(t)> 0 for t ∈ [0, T ],(22)
the Cauchy problem (17) is γ s -wellposed, provided (20)λ.
Remark 5. – Corollaries 4, 5 and 6 exclude the case of n= 0, since the terms b(t)u and c(t)ut
does not influence the Gevrey wellposedness. In this case with similar methods as [2] and [3],
we can obtain instead of (18) and (20)λ (resp. (19) and (21)):
16 s < 1
m
+ (k + α)
2m
(
resp. 16 s < 1
m(1− α)
)
.
Notations
Ck+α([0, T ]) (k ∈ N1, 0 6 α 6 1) is the space of functions f (t) having k derivatives
continuous, and the k-th derivative Hölder continuous with exponent α on [0, T ].
γ s(Rdx) (s > 1) is the space of Gevrey functions f (x) satisfying for any compact set K ⊂Rd ,
sup
x∈K
∣∣Dαf (x)∣∣6CKρ|α|K |α|!s for α ∈Nd .
γ s0 (R
d
x) (s > 1) is the space of Gevrey functions f (x) of the order s having compact support.
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2. Proofs of theorems
Since the abstract Cauchy problem of weakly (resp. strictly) hyperbolic type considered
in [3], includes our problem (1) under (2) (resp. (3)), the theorem in [3] gives the existence
and uniqueness of the solution. Therefore we shall only investigate the regularity for x of the
solution, paying attention to the influences of the lower terms.
By Fourier transform, the non-Kowalewskian equation (1) is changed into:{
vtt + a(t)|ξ |4 + p(t, ∂t , iξ)v = 0,
v(0, ξ)= v0(ξ), vt (0, ξ)= v1(ξ),
(23)
where v = uˆ, and vl = uˆl (k = 0,1), and p(t, ∂t , iξ) is b(t)|ξ |2 in Theorem 1 and c(t)|ξ |2∂t in
Theorems 2 and 3.
Proof of Theorem 1
By [2] we know that the Cauchy problem for the weakly hyperbolic equation utt −b(t)1u= 0
is γ s -wellposed under (8) and
16 s < 1+ l + β
2
.(24)
Therefore it seems that (10) describes both (4) and (24) simultaneously. Thus defining the energy
by:
Eε(t, ξ)
2 = eρ(t)〈ξ 〉1/s{|vt |2 + a(t)|ξ |4|v|2 + b(t)|ξ |2|v|2 +max{εk+α|ξ |4, εl+β |ξ |2}|v|2},
we can prove with similar methods as [2] and [3] that the Cauchy problem (1) is γ s -wellposed
under the conditions (8) and (10).
Hence we only prove that the Cauchy problem (1) is γ s -wellposed under the conditions (9)
and (11). We define the energy by:
Eε(t, ξ)
2 = eρ(t)〈ξ 〉1/s{|vt |2 + a(t)|ξ |4|v|2 + bε(t)|ξ |2|v|2},
where 0< ε < 1 and ρ(t) ∈C1(R1t ) are determined later on and bε(t)= 1ε
∫∞
−∞ b(t + τ )ϕ( τε )dτ
with ϕ(t) ∈ C∞0 (R1t ) satisfying 0 6 ϕ(t) <∞ and
∫∞
−∞ ϕ(t)dt = 1. Then we can see from the
condition (9) that there exists Cb > 0 such that for ξ ∈Rnξ∣∣b′ε(t)∣∣6 Cbεβ−1, ∣∣bε(t)− b(t)∣∣6 Cbεβ .(25)
Differentiating Eε(t, ξ)2 and using (9), (23) and (25), we have:{
Eε(t, ξ)
2}′ = ρ′(t)〈ξ〉1/sEε(t, ξ)2 + eρ(t)〈ξ 〉1/s{2R(vtt , vt )+ a′(t)|ξ |4|v|2 + 2a(t)|ξ |4R(vt , v)
+b′ε(t)|ξ |2|v|2 + 2bε(t)|ξ |2R(vt , v)
}
6 ρ′(t)〈ξ〉1/sEε(t, ξ)2
+ eρ(t)〈ξ 〉1/s
{
2
∣∣bε(t)− b(t)∣∣|ξ |2∣∣((bε|ξ |2)−1/4vt , (bε|ξ |2)1/4v)∣∣
+ |a
′(t)||ξ |4
a(t)|ξ |4 + bε(t)|ξ |2
(
a(t)|ξ |4 + bε(t)|ξ |2
)|v|2 + |b′ε(t)||ξ |2
bε(t)|ξ |2
(
bε(t)|ξ |2
)|v|2}
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6
{
ρ′(t)〈ξ〉1/s + |bε(t)− b(t)||ξ |
bε(t)1/2
+ |a
′(t)||ξ |2
a(t)|ξ |2 + bε(t) +
|b′ε(t)|
bε(t)
}
Eε(t, ξ)
2
6
{
ρ′(t)〈ξ〉1/s +Cbδ−1/2b εβ |ξ | +
|a′(t)||ξ |2
a(t)|ξ |2 + δb +Cbδ
−1
b ε
β−1
}
Eε(t, ξ)
2.
Therefore Gronwall’s inequality yields
Eε(t, ξ)
2 6Eε(0, ξ)2 exp
{{
ρ(t)− ρ(0)}〈ξ〉1/s +Cbtδ−1/2b εβ |ξ |
+
t∫
0
|a′(s)||ξ |2
a(s)|ξ |2 + δb ds +Cbtδ
−1
b ε
β−1
}
.
In order to estimate
∫ t
0
|a′(s)||ξ |2
a(s)|ξ |2+δb ds, the following lemma is very useful.
LEMMA (Colombini, Jannelli, Spagnolo). – Let f (t) be a real function of class Ck+α on some
compact interval I ⊂R, with k integer > 1 and 06 α 6 1 and assume that f (t)> 0 on I . Then
the function f 1k+α is absolutely continuous on I . Moreover
∥∥(f 1k+α )′∥∥k+α
L1(I ) 6C(k,α, I)‖f ‖Ck+α(I ).
For the proof, refer to [2]. Hence we get:
Eε(t, ξ)
2 6Eε(0, ξ)2 exp
{{
ρ(t)− ρ(0)}〈ξ〉1/s +Cbtδ−1/2b εβ |ξ |
+Ckαtδ−1/(k+α)b |ξ |2/(k+α) +Cbtδ−1b εβ−1
}
.
Taking ε = 〈ξ〉−1 and choosing ρ(t) such that:
ρ(t)− ρ(0)+Cbtδ−1/2b +Cbtδ−1b +Ckαtδ−1/(k+α)b 6 0 for t ∈ [0, T ],
from the condition (11) we have the energy inequality:
Eε(t, ξ)
2 6Eε(0, ξ)2 exp
{{
ρ(t)− ρ(0)}〈ξ〉1/s + {Cbtδ−1/2b +Cbtδ−1b }〈ξ〉1−β
+Ckαtδ−1/(k+α)b 〈ξ〉2/(k+α)
}
6Eε(0, ξ)2 exp
{〈ξ〉1/s{ρ(t)− ρ(0)+Cbtδ−1/2b +Cbtδ−1b +Ckαtδ−1/(k+α)b }}
6Eε(0, ξ)2 for t ∈ [0, T ].
This concludes the proof of Theorem 1.
Proof of Theorem 2
We shall prove that the Cauchy problem (1) is γ s -wellposed under the conditions (2) and (14)λ.
We define the energy
Eε(t, ξ)
2 =
{
eρ(t)〈ξ 〉1/s
{|vt |2 + aε(t)|ξ |4|v|2 + εα|ξ |4|v|2} if 1> k + α > 1λ+1 ,
eρ(t)〈ξ 〉1/s
{|vt |2 + a(t)|ξ |4|v|2 + εk+α|ξ |4|v|2} if k + α > 1,
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where aε(t)= 1ε
∫∞
−∞ a(t + τ )ϕ( τε ) dτ . Then we can see from the condition (3) that there exists
Ca > 0 such that for ξ ∈Rnξ∣∣a′ε(t)∣∣6 Caεα−1, ∣∣aε(t)− a(t)∣∣6 Caεα.(26)
When 1> k + α > 1/(λ+ 1), differentiating Eε(t, ξ)2 and using (3), (23) and (26), we have:{
Eε(t, ξ)
2}′ = ρ′(t)〈ξ〉1/sEε(t, ξ)2 + eρ(t)〈ξ 〉1/s{2R(vtt , vt )+ a′ε(t)|ξ |4|v|2
+2aε(t)|ξ |4R(vt , v)+ 2εα|ξ |4R(vt , v)
}
6 ρ′(t)〈ξ〉1/sEε(t, ξ)2 + eρ(t)〈ξ 〉1/s
{
−2c(t)|ξ |2|vt |2 + |a
′
ε(t)|
aε(t)+ εα
(
aε(t)|ξ |4
+ εα|ξ |4)|v|2 + 2{|aε(t)− a(t)| + εα}|ξ |4
× ∣∣(21/2(Ca + 1)−1/2c(t)1/2ε−α/2|ξ |−1vt ,2−1/2(Ca + 1)1/2c(t)−1/2εα/2|ξ |v)∣∣}
6 ρ′(t)〈ξ〉1/sEε(t, ξ)2 + eρ(t)〈ξ 〉1/s
{−2c(t)|ξ |2|vt |2
+Caε−1
(
aε(t)|ξ |4 + εα|ξ |4
)|v|2 + (Ca + 1)εα|ξ |4
× {2(Ca + 1)−1c(t)ε−α|ξ |−2|vt |2 + 2−1(Ca + 1)c(t)−1εα|ξ |2|v|2}}
6
{
ρ′(t)〈ξ〉1/s +Caε−1
}
Eε(t, ξ)
2 + eρ(t)〈ξ 〉1/s2−1(Ca + 1)2c(t)−1ε2α|ξ |6|v|2.
In order to estimate the last term we use Hölder’s inequality xy 6 1
p
xp+ 1
q
yq ( 1
p
+ 1
q
= 1) and
λλ < 1, (1 − λ)1−λ < 1 for 0 < λ < 1. Putting x = {λ−1a(t)|ξ |4|v|2}λ,
y = {(1− λ)−1εα|ξ |4|v|2}1−λ and p= 1
λ
(q = 11−λ ), we get:
eρ(t)〈ξ 〉1/s2−1(Ca + 1)2c(t)−1ε2α|ξ |6|v|2
=

2−1(Ca + 1)2c(t)−1a(t)−1ε2α|ξ |2eρ(t)〈ξ 〉1/s
{
a(t)|ξ |4|v|2} if λ= 1,
2−1(Ca + 1)2λλ(1− λ)1−λc(t)−1a(t)−λε(1+λ)α|ξ |2
× eρ(t)〈ξ 〉1/s{λ−1a(t)|ξ |4|v|2}λ{(1− λ)−1εα|ξ |4|v|2}1−λ if 0< λ< 1,
2−1(Ca + 1)2c(t)−1εα|ξ |2eρ(t)〈ξ 〉1/s
{
εα|ξ |4|v|2} if λ= 1
6

2−1(Ca + 1)2c(t)−1a(t)−1ε2α|ξ |2eρ(t)〈ξ 〉1/s
{
a(t)|ξ |4|v|2 + εα|ξ |4|v|2} if λ= 1,
2−1(Ca + 1)2λλ(1− λ)1−λc(t)−1a(t)−λε(1+λ)α|ξ |2
× eρ(t)〈ξ 〉1/s(a(t)|ξ |4 + εα|ξ |4)|v|2 if 0< λ< 1,
2−1(Ca + 1)2c(t)−1εα|ξ |2eρ(t)〈ξ 〉1/s
{
a(t)|ξ |4|v|2 + εα|ξ |4|v|2} if λ= 1
6 2−1(Ca + 1)2c(t)−1a(t)−λε(1+λ)α|ξ |2eρ(t)〈ξ 〉1/s
{
a(t)|ξ |4|v|2 + εα|ξ |4|v|2}
= 2−1(Ca + 1)2c(t)−1a(t)−λε(1+λ)α|ξ |2eρ(t)〈ξ 〉1/s
{
aε(t)|ξ |4|v|2 + εα|ξ |4|v|2
+ (a(t)− aε(t))|ξ |4|v|2}
6 C′ac(t)−1a(t)−λε(1+λ)α|ξ |2Eε(t, ξ)2.
Hence we have{
Eε(t, ξ)
2}′ 6 {ρ′(t)〈ξ〉1/s +Caε−1 +C′ac(t)−1a(t)−λε(1+λ)α|ξ |2}Eε(t, ξ)2.
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Therefore Gronwall’s inequality yields
Eε(t, ξ)
2 6Eε(0, ξ)2 exp
{{
ρ(t)− ρ(0)}〈ξ〉1/s +Catε−1
+C′a
t∫
0
c(s)−1a(s)−λ ds · ε(1+λ)α|ξ |2
}
.
Taking ε = 〈ξ〉 −21+(1+λ)α and choosing ρ(t) such that
ρ(t)− ρ(0)+Cat +C′aMc(t)6 0 for t ∈ [0, T ],
from the conditions (13) and (14)λ we have the energy inequality:
Eε(t, ξ)
2 6Eε(0, ξ)2 exp
{{
ρ(t)− ρ(0)}〈ξ〉1/s +Cat〈ξ〉 21+(1+λ)α +C′aMc(t)〈ξ〉 21+(1+λ)α }
6Eε(0, ξ)2 exp
{〈ξ〉1/s{ρ(t)− ρ(0)+Cat +C′aMc(t)}}
6Eε(0, ξ)2 for t ∈ [0, T ].
When k+α > 1, using lemma in the proof of Theorem 1, we can also get the energy inequality
Eε(t, ξ)
2 6Eε(0, ξ)2 for t ∈ [0, T ].
Thus we find that the Cauchy problem (1) is γ s -wellposed under the conditions (2) and (14)λ.
Similarly if we define the energy by:
Eε(t, ξ)
2 = eρ(t)〈ξ 〉1/s{|vt |2 + aε(t)|ξ |4|v|2},
we can prove that the Cauchy problem (1) is γ s -wellposed under the conditions (3) and (15).
Proof of Theorem 3
Since −1/2 < λ < 0 and k + α > 1
λ+1 , we can see that k + α > 1. Therefore we define the
energy by:
Eε(t, ξ)
2 = eρ(t)〈ξ 〉1/s{|vt |2 + a(t)|ξ |4|v|2 + εk+α|ξ |4|v|2}.
Moreover we also define the approximate coefficient cε(t)= c(t)+ ε(1+λ)(k+α).
Differentiating Eε(t, ξ)2 and using (23), we have:{
Eε(t, ξ)
2}′ = ρ′(t)〈ξ〉1/sEε(t, ξ)2 + eρ(t)〈ξ 〉1/s{2R(vtt , vt )+ a′(t)|ξ |4|v|2 + 2a(t)|ξ |4R(vt , v)
+2εk+α|ξ |4R(vt , v)
}
6 ρ′(t)〈ξ〉1/sEε(t, ξ)2 + eρ(t)〈ξ 〉1/s
{
−2c(t)|ξ |2|vt |2
+ |a
′(t)|
a(t)+ εk+α
(
a(t)|ξ |4 + εk+α|ξ |4)|v|2
+2εk+α|ξ |4∣∣(21/2cε(t)1/2ε−(k+α)/2|ξ |−1vt ,2−1/2cε(t)−1/2ε(k+α)/2|ξ |v)∣∣}
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6 ρ′(t)〈ξ〉1/sEε(t, ξ)2 + eρ(t)〈ξ 〉1/s
{
−2c(t)|ξ |2|vt |2
+ |a
′(t)|
a(t)+ εk+α
(
a(t)|ξ |4 + εk+α|ξ |4)|v|2
+ εk+α|ξ |4{2cε(t)ε−(k+α)|ξ |−2|vt |2 + 2−1cε(t)−1εk+α|ξ |2|v|2}}
6
{
ρ′(t)〈ξ〉1/s + ε(1+λ)(k+α)|ξ |2 + |a
′(t)|
a(t)+ εk+α
}
Eε(t, ξ)
2
+ eρ(t)〈ξ 〉1/s2−1cε(t)−1ε2(k+α)|ξ |6|v|2.
In order to estimate the last term we use Hölder’s inequality xy 6 1
p
xp + 1
q
yq ( 1
p
+
1
q
= 1) and (−λ)−λ < 1, (1 + λ)1+λ < 1 for −1/2 < λ < 0. Putting x = {(−λ)−1(a(t) +
εk+α)|ξ |4|v|2}−λ, y = {(1 + λ)−1(a(t) + εk+α) 2λ1+λ ε (1−λ)(k+α)1+λ |ξ |4|v|2}1+λ and p = 1−λ (q =
1
1+λ), we get:
eρ(t)〈ξ 〉1/s2−1cε(t)−1ε2(k+α)|ξ |6|v|2
= 2−1(−λ)−λ(1+ λ)1+λcε(t)−1
(
a(t)+ εk+α)−λε(1+λ)(k+α)|ξ |2
× eρ(t)〈ξ 〉1/s{(−λ)−1(a(t)+ εk+α)|ξ |4|v|2}−λ
× {(1+ λ)−1(a(t)+ εk+α) 2λ1+λ ε (1−λ)(k+α)1+λ |ξ |4|v|2}1+λ
6 2−1(−λ)−λ(1+ λ)1+λcε(t)−1
(
a(t)+ εk+α)−λε(1+λ)(k+α)|ξ |2
× eρ(t)〈ξ 〉1/s{(a(t)+ εk+α)|ξ |4|v|4 + (a(t)+ εk+α) 2λ1+λ ε (1−λ)(k+α)1+λ |ξ |4|v|2}
6 2−1cε(t)−1
(
a(t)+ εk+α)−λε(1+λ)(k+α)|ξ |2
× eρ(t)〈ξ 〉1/s{(a(t)+ εk+α)|ξ |4|v|4 + (εk+α) 2λ1+λ ε (1−λ)(k+α)1+λ |ξ |4|v|2}
6 2−1cε(t)−1
(
a(t)−λ + ε−λ(k+α))ε(1+λ)(k+α)|ξ |2eρ(t)〈ξ 〉1/s
× {(a(t)+ εk+α)|ξ |4|v|4 + εk+α|ξ |4|v|2}
6 cε(t)−1
(
a(t)−λ + ε−λ(k+α))ε(1+λ)(k+α)|ξ |2Eε(t, ξ)2.
Furthermore we use the another type of Hölder’s inequality (px)1/p(qy)1/q 6 x+y ( 1
p
+ 1
q
=
1). Putting x = c(t), y = ε(1+λ)(k+α) and p = 1+λ1+2λ (q = 1+λ−λ ), from the definition of cε(t) we
obtain:
eρ(t)〈ξ 〉1/s2−1cε(t)−1ε2(k+α)|ξ |6|v|2
6 a(t)
−λ
c(t)+ ε(1+λ)(k+α) ε
(1+λ)(k+α)|ξ |2Eε(t, ξ)2 + 1
c(t)+ ε(1+λ)(k+α) ε
(k+α)|ξ |2Eε(t, ξ)2
6 a(t)
−λ
c(t)
ε(1+λ)(k+α)|ξ |2Eε(t, ξ)2
+ 1( 1+λ
1+2λc(t)
) 1+2λ
1+λ ( 1+λ−λ ε(1+λ)(k+α)) −λ1+λ ε
(k+α)|ξ |2Eε(t, ξ)2
6 c(t)−1a(t)−λε(1+λ)(k+α)|ξ |2Eε(t, ξ)2 +Cλc(t)− 1+2λ1+λ ε(1+λ)(k+α)|ξ |2Eε(t, ξ)2.
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Hence we have:{
Eε(t, ξ)
2}′ 6 {ρ′(t)〈ξ〉1/s + ε(1+λ)(k+α)|ξ |2 + |a′(t)|
a(t)+ εk+α + c(t)
−1a(t)−λε(1+λ)(k+α)|ξ |2
+ Cλc(t)− 1+2λ1+λ ε(1+λ)(k+α)|ξ |2
}
Eε(t, ξ)
2.
Using Gronwall’s inequality and lemma in the proof of Theorem 1, we get:
Eε(t, ξ)
2 6Eε(0, ξ)2 exp
{{
ρ(t)− ρ(0)}〈ξ〉1/s + tε(1+λ)(k+α)|ξ |2 + t∫
0
|a′(s)|
a(s)+ εk+α ds
+
t∫
0
c(s)−1a(s)−λ ds · ε(1+λ)(k+α)|ξ |2 +Cλ
t∫
0
c(s)−
1+2λ
1+λ ds · ε(1+λ)(k+α)|ξ |2
}
6Eε(0, ξ)2 exp
{{
ρ(t)− ρ(0)}〈ξ〉1/s + tε(1+λ)(k+α)|ξ |2 +Ckαtε−1
+
t∫
0
c(s)−1a(s)−λ ds · ε(1+λ)(k+α)|ξ |2 +Cλ
t∫
0
c(s)−
1+2λ
1+λ ds · ε(1+λ)(k+α)|ξ |2
}
.
Taking ε = 〈ξ〉 −21+(1+λ)(k+α) and choosing ρ(t) such that
ρ(t)− ρ(0)+ t +Ckαt +Mc(t)+CλM˜c(t)6 0 for t ∈ [0, T ],
from the conditions (13), (14)λ and (16) we have the energy inequality
Eε(t, ξ)
2 6Eε(0, ξ)2 exp
{{
ρ(t)− ρ(0)}〈ξ〉1/s + t〈ξ〉 21+(1+λ)(k+α) +Ckαt 〈ξ〉 21+(1+λ)(k+α)
+Mc(t)〈ξ〉
2
1+(1+λ)α +CλM˜c(t)〈ξ〉
2
1+(1+λ)α
}
6Eε(0, ξ)2 exp
{〈ξ〉1/s{ρ(t)− ρ(0)+ t +Ckαt +Mc(t)+CλM˜c(t)}}
6Eε(0, ξ)2 for t ∈ [0, T ].
This concludes the proof of Theorem 3.
Acknowledgments
The author wishes to thank Prof. K. Kajitani and Prof. K. Yagdjian for many useful advices.
REFERENCES
[1] F. COLOMBINI, E. DE GIORGI and S. SPAGNOLO, Sur les équations hyperboliques avec des
coefficients qui ne dépendent que du temps, Ann. Scuola Norm Sup. Pisa 6 (1979) 511–559.
[2] F. COLOMBINI, E. JANNELLI and S. SPAGNOLO, Wellposedness in the Gevrey classes of the Cauchy
problem for a non strictly hyperbolic equation with coefficients depending on time, Ann. Scuola
Norm Sup. Pisa 10 (1983) 291–312.
[3] P. D’ANCONA, Gevrey well posedness of an abstract Cauchy problem of weakly hyperbolic type,
Publ. RIMS Kyoto Univ. 24 (1988) 433–449.
T. KINOSHITA, H. NAKAZAWA / J. Math. Pures Appl. 79 (2000) 295–305 305
[4] M.A. HORN, Uniform decay rates for the solutions to the Euler–Bernoulli plate equation with
boundary feedback acting via bending moments, Differential Integral Equations 5 (1992) 1121–
1150.
[5] S. JIANG, Local energy decay for the damped plate equation in exterior domains, Quart. Appl. Math.
L (1992) 257–272.
[6] I. LASIECKA, Stabilization of wave and plate-like equations with nonlinear dissipation on the
boundary, J. Differential Equations 79 (1989) 340–381.
[7] W. LIU, Local boundary controllability for the semilinear plate equation, Comm. Partial Differential
Equations 23 (1998) 201–221.
